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Path Planning in Three Dimensional Environment using Feedback
Linearization

Shreecharan Kanchanavally, Raúl Ordóñez, Corey J. Schumacher

Abstract— This paper presents a control scheme via feedback
linearization for three dimensional cooperative path planning
of a class of interconnected systems in general and UAVs in
particular. It is shown that the feedback linearization technique
along with a distance varied repulsive profile allows UAVs to
converge to the invariant set of a known target location without
colliding with other vehicles. Lyapunov stability analysis shows
the conditions under which such systems are stable. Also a task
assignment algorithm, which is a function of distance between
the UAVs and the target, is proposed for dealing with multi
UAV and multi target scenario.

I. PROBLEM STATEMENT

The concept of autonomous cooperative vehicle has re-
cently found applications in many fields, from managing a
team of mobile agents for fire fighting or military mission,
to coordinating a group of rovers to explore an unknown
environment or perform search and rescue scenarios. A key
problem in the field of mobile robotics is navigation through
an unknown environment ofn dimensions. Navigation or
path planning means to determine how to move an object
form its original location and orientation to a goal configu-
ration while avoiding collision with obstacles. A particularly
challenging instance of this problem is flight of fixed wing
Uninhabited Air Vehicles (UAV) through a three dimensional
(3D) environment. In particular the problem becomes even
more challenging for cooperative path planning of group of
UAVs flying in a 3D environment.

In the past feedback linearization technique was used for
formation control of group of nonholonomic vehicles in two
dimensional environment [1]. The concept of path planning
to handle formation control of biological creatures using
attraction/repulsion function was used in [2]-[4]. A receding
horizon control [5] can be used to design trajectories for
an aerial vehicle fling through a three dimensional terrain
with obstacle and no- fly zones. The paper [6] proposes
simple reactive feedback laws that enable obstacle avoidance
for a hover-capable unmanned aerial vehicle (UAV) using
a crude low resolution, small field of view radar sensor.
A two dimensional potential field [7] is used to show that
equilibrium is a global minimum of the sum of all artificial
potential functions and is locally asymptotically stable for
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the closed loop dynamics via a Lyapunov stability analysis
for a system withn agents andm virtual leaders. The
work in [8] uses input to state stability a general class of
formation keeping control schemes with a new dynamic
window approach to obstacle avoidance in order to guarantee
safety and stability of formation as well as convergence
of the goal position. A decentralized control method [9],
along with cooperative biological swarming models with
virtual attractive and repulsive potential can be used for path
planning of non linear second order dynamic vehicles. The
paper [10] considers the problem of computing shortest ob-
stacle avoidance paths among obstacles in three dimensions.
In [11] a three dimensional probabilistic approach for the
path planning of uninhabited air vehicles is presented. The
work [12] addresses design of a hierarchical system that
uses a given set of possibly heterogeneous UAVs to provide
protection to a moving convoy of ground vehicles. The
system encompasses task generation and allocation, flight
path generation and tracking, and synchronization between
cooperative tasks. The use of artificial potential field for
mechanism of obstacle avoidance for wheeled rovers used
in the exploration of Mars was discussed in [13].

This paper discusses the problem of cooperative control
for a group of UAVs having motion constraints and flying
in a 3D environment without colliding with each other and
reaching their dynamically assigned goal positions. In the
past, vehicle guidance algorithms that avoid obstacles or
other vehicles have been well studied assuming that the
vehicle remains in a horizontal plane so that path planning is
two dimensions. We use a feedback linearizing controller for
path planning, varying potential field for collision avoidance
and varying references for task assignments of the UAVs.

The remainder of the paper is organized as follows.
Section II deals with the stability analysis of interconnected
MIMO systems using feedback control in general. Section
III holds the main results of cooperative path planning of
UAVs in 3D environment and task assignment algorithm with
the presence of virtual target for dealing with multi UAV
and multi target case. Section IV presents some concluding
remarks along with some future research directions.

II. MIMO F EEDBACK CONTROLS

Consider a composite system composed ofN intercon-
nected heterogenous square MIMO (Multi Input Multi Out-
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wherexi ∈ Rn represents the states of theith subsystem,
ui ∈ Rm represents the controllers of theith subsystem
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for i = 1, 2, . . . , N as the vector relative degree of theith

subsystem. We assume that the relative degree for all the
subsystems are equal in the senseri = rj with ri

k = rj
k for

k = 1, 2, . . . ,m. However, we allow the actual dynamics of
each subsystem (given byf i, gi

j , hi
j) to be different.

We assume thatBi(xi) is invertible. Then the MIMO
feedback linear control is given by

ui =Bi(xi)
−1

[−Ai(xi) + vi] (5)

If Bi(xi) is not invertible, feedback linearization is still
possible using dynamic feedback linearization which is not

discussed in this paper. Moreover we assume that each
subsystem’s zero dynamics are input to state stable.

Define a smooth reference signalRref as
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Also define the error between thejth output of the ith
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Define the error vector for theith subsystem asEi =
[ei

1, e
i
2, . . . , e

i
m]> and for the composite system asE =

[E1>, E2>, . . . , EN>]>. We define the error dynamics from
equation (7) for theith subsystem as
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Substituting the control equation discussed in equation (5),
where we selectvi = −χi +KiEi with Ki a m×m matrix
having its eigenvalues in the left half plane, we get

Ėi =KiEi (9)

To study the stability of the error dynamics for each sub-
system let us define the Lyapunov function, with a posi-
tive definite matrixP i, the solution of Lyapunov equation
Ki>P i + P iKi = −Qi, as

V i =Ei>P iEi (10)

DifferentiatingV i we obtain

V̇ i =Ėi>P iEi + Ei>P iĖi

=Ei>[Ki>P i + P iKi]Ei

=− Ei>QiEi
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We notice thatV̇ i is negative definite thus drivingEi to
zero exponentially. To study the stability of the composite
systems we define the composite Lyapunov function as

V (E) =
N∑

i=1

V i(Ei) (11)

For any positive symmetric matrixS and vectorX we have

λmin(S)X>X ≤ X>SX ≤ λmax(S)X>X

whereλmin(S) and λmax(S) are the minimum and maxi-
mum eigenvalues ofS respectively. So we have

V̇ =−
N∑

i=1

Ei>QiEi

≤−
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i=1

λmin(Qi)||Ei||2

V̇ to be negative definite thereby regulating the overall error
to zero.

A. Interconnection Between the Subsystems

A certain class of interconnected systems does not allow
some or all the states of the subsystem to be equal at a time
instance. Examples of such class of systems include groups
of UAVs with position of each UAV as the state. In order
to deal with such type of systems we introduce the inter-
connectivity among the subsystems via a repulsive force that
surrounds each subsystem. We define the force of repulsion
F i

r that surroundsith subsystem as

F i
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N∑
j=1,j 6=i

κj exp
[
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2rj
s
2

]
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where κj represents a repulsive constant,Ψ is a design
constant whose significance is explained in Section III-C and
rj
s represents the surrounding or spread in which the effect

of force is realized. The function has the significance that as
the states are far apart from each other the force of repulsion
is less as compared to when the states are closer. Also
it has the significance that there exists a certain minimum
force of repulsion between the states at any time instance.
In order to implement this interconnection we introduce
F i

r via vi for each subsystem so thatvi now becomes
vi = −χi + KiEi + F i

r and equation (9) is updated to

Ėi =KiEi + F i
r

To study the stability of the error dynamics for theith

subsystem defined in the above equation we define the
Lyapunov functionV i, similar to one defined in equation
(10) and calculate its derivative
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To study the stability of the error dynamics defined by
the composite systems in the presence of interconnection,
we differentiate the composite Lyapunov function defined in
equation (11) to obtain

V̇ (E) =
N∑

i=1

(
− Ei>QiEi + 2Ei>P iF i

r

)
≤

N∑
i=1

(
− λmin(Qi)||Ei||2

+ 2||Ei||λmax(P i) exp(−1
2
)

N∑
j=1,j 6=i

(rj
s + Ψ)

)

≤
N∑

i=1

(
− λmin(Qi)

[
||Ei||−

2λmax(P i)
λmin(Qi)

N∑
j=1,j 6=i

(rj
s + Ψ)

]
||Ei||

)
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V̇ (E) < 0. DefineΩi as the invariant set for theith vehicle
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}
.

Hence it is clear that whenever the error vector is outside
Ωi, it is driven to the invariant setΩi.

III. A PPLICATION TO UAV CASE

A. UAV Model

We consider the four DOF model of the UAV with seven
states given by
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ẋi
4

ẋi
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wherepi = [ri
x, ri

y, ri
z]
> represents thex, y and z position

of the ith UAV and si = [vi, vi
z]
> represents velocity vector

wherevi is the linear velocity inx−y direction andvi
z is the

velocity in z direction.θi represents the planar orientation of
the UAV andωi represents the angular velocity of the UAV.
The control vector isu = [u1, u2, u3]> with u3 = 1

mF3− g.
Equation (13) resembles equation (1) wheref(xi) andg(xi)
can be inferred. Let the sensor of the UAV be pointed at a
fixed angleφ, 0 < φ < π, with the horizontal of the plane
as shown in Figure 1. LetLi be the horizontal distance from
the sensor footprint to the vertical line joining the sensor
and the ground as shown in Figure 1. It is clear thatLi is
a function of altitude,z = ri

z, and is given byLi = ri
z

tan φ .
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Fig. 1. Figure showing the UAV and sensor arrangement

Since the sensor angle is fixed, letc = tan φ, a constant. Let
the output of the system (13), be given by
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3)
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6
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where the first two rows represent thex and y position of
the sensor footprint respectively and the third row represents
the altitude of the vehicle. By defining the output as given
in equation (14) we are not only controlling the footprint
position of the vehicle but also controlling the altitude of
the vehicle. Differentiating equation (14) with respect to time
gives
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the system(13) with output(14) has a vector relative degree
of [2, 2, 2]> and is input-output feedback linearizable.

B. Presence of a Single Target

Target Model: Here we consider a stationary target whose
position T τ = [xτ , yτ , zτ ]> is known a priori either by a
global positioning satellite or from the information given by
other UAV.

Error signal : We define the error as the sum of the
difference between the footprint position and the target
position, and its derivatives so that error dynamics defined
in equation (7) is nothing but

Ei =k1,i(Γi − T τ ) + (Γ̇i − Ṫ τ )

so that differentiating it with respect to time yields
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2 sin(xi
3) + 2cxi

5x
i
7 cos(xi

3)
0


︸ ︷︷ ︸

Ai(xi)

+

 1
m cos(xi

3) −Li

J sinxi
3 c cos(xi

3)
1
m sin(xi

3)
Li

J cos xi
3 c sin(xi

3)
0 0 1


︸ ︷︷ ︸

Bi(xi)

u1

u2

u3



In order to regulate the error we define the feedback lin-
earizing controllerui to be the one given in equation (5)
with vi = −χi + KiEi, whereχi is defined in the above
equation and a choice of stableKi is made. The choice of
such a controller results in all the UAV’s converging to the
target location as shown in Figure 2. But it is evident from
Figure 2 that the UAVs collide (blue and green UAV) with
each other during the process of convergence.

Fig. 2. UAV converge towards the target and collide with each other
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C. Force of Repulsion

We define a repulsive profile around each vehicle similar
to the one define in equation (12) as

F i
r =

N∑
j=1,j 6=i

κj exp
[
− ||pi − pj ||2

2rj
s
2

]
(Γi − Γj + Ψ)

With this definition of repulsive force it is clear that the
repulsive force is a function of allx, y and z positions
where the repulsion increases as the positions of the vehicles
approach each other, affecting in turn the location of the
footprint. The significance ofΨ is that even if the output of
the ith and jth vehicle become equal there exists a certain
minimum force of repulsion which avoids the vehicles from
collision. The output of the vehicles become equal when the
angle of sensor footprint,φ, for each vehicle is different. But
this choice of repulsive function may not seem to be practical
all the time. As an example consider the positions of the UAV
footprints as shown in Figure 3 when they have a repulsive
function in terms ofx, y andz position. In this scenario the
target is placed at the origin and the vehicles are initially
placed at (-100, -100, 20), (100, 100, 20) and (0, 100, 20)
initially. The UAVs converge towards the target with their
sensor footprint (the rectangular areas in the figure) placed
in a invariant set surrounding the target but not exactly on the
target. The invariant set, though very small in this example,

Fig. 3. UAV converge towards target with repulsion among themselves

may increase if there are more UAVs that converge towards
the target. The question now arises whether the invariant set
can be decreased considerably if the repulsion profile were to
be a function of altitude,z, alone. But if the repulsive profile
were to a function ofz alone the UAV could face a force of
repulsion when they are at same altitude but located far away
in thex−y plane which is not necessary. In order to deal with
such situation we define a repulsive force similar to equation
(12) but as function of altitudez and the distance between
the vehicles. We define a circle of safe distanceS around
the UAVs, inside which the UAVs experience a repulsive
force that is a function ofz alone and outside which the
UAVs do not experience any force of repulsion. Thus the

force of repulsion between the vehicles can be expressed
mathematically as

F i
r =


0 if ||pi − pj || ≥ S

N∑
j=1,j 6=i

κj

[
e
−
(
||ri

z−r
j
z||

2

2r2
s

)]
(Γi − Γj + Ψ)if ||pi − pj || < S

With the introduction of this repulsive force it is evident that
the UAV converge towards a smaller invariant set around the
target with out colliding with each other as shown in Figure
(4).

Fig. 4. UAV converge towards target and have a repulsive profile as a
function of altitude

D. Presence of Multiple Targets

Consider the case when we have more than one target and
to be more specific the case when we have more UAVs than
targets. In such instances the task assignments to each UAV
plays a vital role. In this section we discuss the problem
of task assignment for different UAVs and the scenario for
dealing with multiple target case.

Define a closed setD with its center placed at the center of
mass of multiple targets. In order to simplify our assumption
we assume thatD is rectangular invariant set with lengthl
and widthw. In practice this setD can be considered as the
search area in which the UAVs are interested in looking for
target and assume that all the UAVs are initialized outside
this search area. The selected invariant setD is such thatD
is a superset of all the invariant setsΩi for i = 1, 2, . . . M
whereM is total number of targets.

E. Task Assignment via change of reference signal

Assume that there exists a virtual target whose position
is defined as the center of mass of all the target positions.
The virtual target position is assigned as the goal for all the
UAVs which are outside the setD. This makes the UAVs
be attracted towards the center of the search area when
they are outsideD. Once the UAV enters the setD, task
assignment is done based on greedy distance criteria. The
task assignment algorithm at present works as follows. Each
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UAV calculates its distance to all the target positions and
communicates it to all the other UAVs. Therefore at a given
time instance all the UAVs know the distance between the
UAVs and the targets present in the search area. Based on this
information each UAV is assigned the closest target (which is
a reference signal in case of general MIMO systems). In the
task assignment process all the targets are assigned to UAVs
and this assignment changes dynamically. UAVs to which
targets are not assigned will converge towards the center of
mass of the target. Thus center of mass of the targets acts like
a default target for all the UAVs. Figure 5 shows the scheme
of how the task assignment works. In the figure there are
two targets placed at (40, 0, 0) and (-40, 0, 0) respectively.
Two of the UAVs (red and blue) are assigned to two different
targets and the third UAV (green) is assigned the center of
mass of the targets.

Fig. 5. Task Assignment

IV. CONCLUSION AND FUTURE RESEARCH

In this paper we have considered a control scheme for
the three dimensional cooperative path planning of inter-
connected systems in general and have shown how this
theory can be applicable for path planning of autonomous air
vehicles to reach their dynamically assigned goal positions.
Lyapunov stability analysis is used not only to show the
stability of the system but also the conditions under which
such systems are stable. Future work involves the stability
of such systems under dynamical constraints placed on some
states (example saturating the velocity in case of UAVs)
and extending it to dynamical environment which involves
moving targets and obstacles.

REFERENCES

[1] J. Lawton, R. Beard, and B. Young, “A decentralized approach to for-
mation maneuvers,”IEEE Transactions on Robotics and Automation,
vol. 19, no. 6, pp. 933–941, 2003.

[2] V. Gazi, “Swarm aggregation using artificial potential and sliding mode
control,” in Proceedings of IEEE conference on Decision and Contorl,
(Maui, HI), pp. 2041–2046, 2003.

[3] V. Gazi and K. M. Passino, “A class of attraction/repulsion functions
for stable swarm agrregation,” inProceedings of IEEE conference on
Decision and Control, (Las Vegas, NV), pp. 2842–2847, 2002.

[4] V. Gazi and K. M. Passino, “Stability analysis of social foraging
swarms,”IEEE Transactions on Systems, Man and Cybernatics: part
B, vol. 34, pp. 539–557, 2004.

[5] Y. Kuwata and J. How, “Three dimensional receding horizon control
for uavs,” inAIAA Guidance and Navigation and Control Conference
and Exhibit, (Providence, Rhode Island), 2004.

[6] A. Kartik, L. Peter, and E. Dale, “Reactive inflight obstacle avoid-
ance via radar feedback,” inProceedings of IEEE American Control
Conference Society, (Portland, Orlando), pp. 2978 – 2982, 2005.

[7] N. E. Leonard and E. Fiorelli, “Virtual leaders, artificial potential
and coordinated control of groups,” inProceedings of 40th IEEE
conference on Decesion and Control, pp. 2968–2973, 2001.

[8] P. Ogren and E. Firolli, “Formation with a mission: Stable coordi-
nation of vehicle group mameuvers,”Proceedings of Symposium on
Mathematical Theory of Networks and Systems, 2002.

[9] R. Olfati-Saber and R. M. Murray, “Distributed cooperative control
of multiple vehicle formation using structural potential function,” in
Proceedings of 15th IFAC World Congress, 2002.

[10] J. S. B. Mitchell and M. Sharir, “New results on shortest path in three
dimensions,”In Proceedings of the 20th Annual ACM Symposium on
Computational Geometry, pp. 124–133, 2004.

[11] D. W. Gu, W. Kamal, and I. Postlethwaite, “A decentralized proba-
bilistic framework for the path planning of autonomous vehicles,” in
To appear in Proceedings of 16th IFAC World Congress, (Prague),
2005.

[12] S. Stephen, G. Anouck, and H. Karl, “Convoy protection using
multiple unmanned aerial vehicles: Organization and coordination,” in
Proceedings of IEEE American Control Conference Society, (Portland,
Orlando), pp. 3524–3529, 2005.

[13] D. N. Green, J. Z. Sasiadek, and G. S. Vukovich, “Path tracking,
obstacle avoidance and position estimation by autonomous, wheeled
planetary rover,” inProceedings of IEEE International conference on
Robotics and Automation, (San Diego, CA), pp. 1300–1305, 1994.

6


	Untitled



